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ON LOCALIZATION OF SCHRO¨DINGER MEANS
PER SJO¨LIN
Abstract. Localization properties for Schro¨dinger means are studied in dimension
higher than one.
1. Introduction
Let f belong to the Schwartz class SpRnq where n ě 1. We define the Fourier transformpf by setting pfpξq “ ż
Rn
e´iξ¨xfpxqdx, ξ P Rn.
For f P SpRnq we also set
(1.1) Stfpxq “
ż
Rn
eiξ¨xeit|ξ|
2 pfpξqdξ, x P Rn, t P R.
If we set upx, tq “ Stfpxq{p2piq
n, then upx, 0q “ fpxq and u satisfies the Schro¨dinger
equation iBu{Bt “ ∆u.
It is well-known that ei|ξ|
2
has the Fourier transform Kpxq “ ce´i|x|
2{4, where c denotes
a constant, and eit|ξ|
2
has the Fourier transform
Ktpxq “
1
tn{2
K
´ x
t1{2
¯
, x P Rn, t ą 0.
One has Stfpxq “ Kt ‹ fpxq for f P SpR
nq and t ą 0, and we set
(1.2) Stfpxq “ Kt ‹ fpxq, t ą 0,
for f P L1pRnq. For f P L2pRnq we define Stf by formula (1.1).
We introduce Sobolev spaces Hs “ HspR
nq by setting
Hs “ tf P S
1 : ||f ||Hs ă 8u, s P R,
where
||f ||Hs “
ˆż
Rn
p1` |ξ|2qs| pfpξq|2dξ˙1{2
In the case n “ 1 it is well-known (see Carleson [3] and Dahlberg and Kenig [4]) that
lim
tÑ0
1
2pi
Stfpxq “ fpxq
almost everywhere if f P H1{4. Also it is known that H1{4 cannot be replaced by Hs if
s ă 1{4. In the case n ě 2 Sjo¨lin [6] and Vega [9] proved independently that
lim
tÑ0
1
p2piqn
Stfpxq “ fpxq
almost everywhere if f P Hs and s ą 1{2. This result was improved by Bourgain [1], who
proved that f P HspR
nq, s ą 1{2´ 1{4n, is sufficient for convergence almost everywhere.
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In the case n “ 2, Du, Guth, and Li [5] have recently proved that the condition s ą 1{3
is sufficient. On the other hand Bourgain [2] has proved that s ě n{2pn` 1q is necessary
for convergence for all n ě 2.
We shall here study localization of Schro¨dinger means and shall first state a result on
localization everywhere (see Sjo¨lin [7]).
Theorem A. Assume n ě 1. If f P Hn{2pR
nq and f has compact support then
lim
tÑ0
Stfpxq “ 0
for every x P Rnzpsuppfq.
It is also proved in [7] that this result is sharp in the sense that Hn{2 cannot be replaced
by Hs with s ă n{2.
We say that one has localization almost everywhere for functions in Hs if for every
f P Hs one has
lim
tÑ0
Stfpxq “ 0
almost everywhere in Rnzpsuppfq.
In the case n “ 1 Sjo¨lin and Soria proved that there is no localization almost everywhere
for functions in Hs if s ă 1{4 (see Sjo¨lin [8]). In fact they proved that there exist two
disjoint compact intervals I and J in R and a function f which belongs to Hs for every
s ă 1{4, with the properties that suppf Ă I and for every x P J one does not have
lim
tÑ0
Stfpxq “ 0.
In the case n ě 2 Sjo¨lin and Soria also proved that one does not have localization
almost everywhere for functions in HspR
nq if s ă 1{4.
We shall here improve this result and prove that there is no localization almost every-
where for functions in HspR
nq if n ě 2 and s ă n{2pn ` 1q. In fact we shall prove the
following theorem.
Theorem 1.1. If n ě 2 and s ă n{2pn` 1q there exist a function f in HspR
nq X L1pRnq
and a set F with positive Lebesgue measure such that F Ă Rnzpsuppfq and for every x P F
one does not have lim
tÑ0
Stfpxq “ 0.
To prove this result we shall combine the method in [8] with an estimate of Bourgain
[2].
If A and B are numbers we write A À B if there is a positive constant C such that
A ď CB. If A À B and B À A we write A „ B.
We introduce the inverse Fourier transform by settingqfpxq “ p2piq´n ż
Rn
eiξ¨xfpξqdξ, x P Rn,
for f P L1pRnq.
Also Bpx; rq denotes a ball with center x and radius r.
2. Proof of the theorem
We start by taking v1 such that 0 ă v1 ă 1 and set vk “ εkv
µ
k´1 for k “ 2, 3, 4, ...,
where εk “ 2
´k and µ “ maxpn, 2` n{4q. Then one has vk ă 2
´k for k ě 2 and pvkq
8
1
is
a decreasing sequence tending to zero.
We then choose g P SpRq such that suppqg Ă p´1, 1q, qgpx1q “ 1 for |x1| ă 1{2, and set
fvpx1q “ e
´ix1{v2qgpx1{vq, 0 ă v ă 1, x1 P R.
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The functions fv were used in Sjo¨lin [8] to study the localization problem in the case
n “ 1. Also let Φ P SpRn´1q have supp pΦ Ă Bp0; 1q and Φp0q “ 1. We then take R “ 1{v2
and set
Gvpx
1q “ R´pn´1q{4Φpx1q
nź
j“2
¨˝ ÿ
R{2DăljăR{D
eiDljxj‚˛, 0 ă v ă 1,
where x1 “ px2, ..., xnq P R
n´1, l “ pl2, ..., lnq P Z
n´1, and D “ Rpn`2q{2pn`1q. We may also
assume that Φpx1q “ ψpx2q...ψpxnq for some ψ P SpRq.
We then set
hvpxq “ hvpx1, x
1q “ fvpx1qGvpx
1q, 0 ă v ă 1.
In [2] Bourgain studies functions similar to hv. However, in [2] our function qg is replaced
by a function ϕ with the property that pϕ has compact support. In our argument it will
be important that qg has compact support so that
supp fv Ă p´v, vq.
We then observe that
Sthvpx1, x
1q “ Stfvpx1qStGvpx
1q.
It is proved in Bourgain [2], p.394, that if one assumes |x| ă c and |t| ă c{R and sets
(2.1) t “
x1
2R
` τ
with |τ | ă R´3{2{10, then
(2.2) |Stfvpx1q| Á |qgpR1{2x1 ´ 2tR3{2q| “ |qgp2τR3{2q| ě c0.
We then take v “ vk for k “ 1, 2, 3, ..., and apply an estimate in [2], p.395, namely that
there exists a set Ek Ă Bp0; 1q such that for every x P Ek there exists t “ tkpxq such that
|StkpxqGvkpx
1q| Á R´pn´1q{4
nź
j“2
ˇˇˇˇ
ˇˇÿ
lj
eiDljxjeiD
2l2j t
ˇˇˇˇ
ˇˇ ě c0.
Also one has mEk ě c1 ą 0, where m denotes Lebesgue measure.
We then choose δ ą 0 so small that if Fk “ Ek X tx; |x1| ą δ{2u then one has
mFk ě c1{2 “ c2 for k “ 1, 2, 3, ... . We may assume that δ ă 1.
We then set F “
8Ş
k“1
˜
8Ť
j“k
Fj
¸
so that F is the set of all x which belong to infinitely
many Fk. Since the sets
8Ť
j“k
Fj decrease as k increases, one obtains mF ě c0.
It also follows from (2.2) that |Stkpxqfvkpxq| ě c0 for x P Fk. From (2.1) one also
concludes that
(2.3) |tkpxq| „
1
Rk
“ v2k
where Rk “ 1{v
2
k.
We now choose K so large that vK ă δ{4 and set
hpxq “
8ÿ
k“K
hvkpxq “
8ÿ
k“K
fvkpx1qGvkpx
1q.
One has F Ă Rnzpsupphq since supph Ă tx; |x1| ă δ{4u.
If x “ px1, x
1q P F there exists a sequence pkjq
8
j“1 such that x P Fkj and
|Stkj pxq
Gvkj px
1q| ě c0 and |Stkj pxq
fvkj px1q| ě c0.
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We shall prove that
|Stkj pxq
hpxq| ě c0
for j large, and also that h P HsXL
1 for s ă n{2pn`1q. It follows that one does not have
localization almost everywhere in Hs if s ă n{2pn` 1q.
We shall first estimate ||hv ||Hs . We begin by studying fv and Gv . According to Sjo¨lin
[8], p. 143, one has pfvpξ1q “ vgpvξ1 ` 1{vq “ R´1{2gpR´1{2ξ1 `R1{2q
and for |ξ1| ě AR we have
R´1{2|ξ1| ě R
1{2A,
where A is a large constant. It follows that |ξ1| ě AR implies
|R´1{2ξ1 `R
1{2| ě BR´1{2|ξ1|
and
|ξ1| ě |ξ1|
1{2A1R
1{2.
Hence
|R´1{2ξ1 `R
1{2| ě B1|ξ1|
1{2
and
| pfvpξ1q| ď C|ξ|´N for |ξ1| ě AR,
where N is large. It follows that
(2.4)
ż
|ξ1|ěAR
| pfvpξ1q|2p1` ξ21qsdξ1 ď CR´N
and it is also easy to see that
(2.5) ||fv||2 „ v
1{2.
We have pGvpξ1q “ R´pn´1q{4ÿ
l
pΦpξ1 ´Dlq
and it follows that supp pGv Ă tξ1; |ξ1| „ Ru and
| pGvpξ1q|2 “ R´pn´1q{2ÿ
l
|pΦpξ1 ´Dlq|2.
Integrating we obtain
|| pGv ||22 “ R´pn´1q{2ÿ
l
||pΦ||22 „ R´pn´1q{2ˆRD
˙n´1
.
We have D “ Rpn`2q{2pn`1q and R{D “ Rn{2pn`1q and hence
||Gv||
2
2 „ R
´pn´1q{2Rnpn´1q{2pn`1q “ R´pn´1q{2pn`1q
and
(2.6) ||Gv ||2 „ R
´pn´1q{4pn`1q.
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For s ą 0 one obtains
||hv ||
2
Hs „
ż
|phvpξq|2|ξ|2sdξ “ ż
|ξ1|„R
| pfvpξ1q|2| pGvpξ1q|2|ξ|2sdξ À
ĳ
|ξ1|„R
|ξ1|ďAR
| pfvpξ1q|2| pGvpξ1q|2R2sdξ1dξ1 ` ĳ
|ξ1|„R
|ξ1|ěAR
| pfvpξ1q|2| pGvpξ1q|2|ξ1|2sdξ1dξ1 “ I1 ` I2.
It follows that
I1 À R
2s
˜ż
|ξ1|ďAR
| pfvpξ1q|2dξ1
¸ˆż
| pGvpξ1q|dξ1˙ À
R2s||fv||
2
2||Gv ||
2
2 À R
2sR´1{2R´pn´1q{2pn`1q “ R2s´n{pn`1q.
From (2.4) and (2.6) one also obtains
I2 À R
´N
and hence
I1 ` I2 À R
2s´n{pn`1q.
It follows that
||hv ||Hs À R
s´n{2pn`1q “ v2pn{2pn`1q´sq.
Since vk ă εk and
||hk||Hs ď
8ÿ
K
||hvk ||Hs À
8ÿ
K
v
2pn{2pn`1q´sq
k ă 8,
it follows that h P Hs if s ă n{2pn` 1q.
We also need some estimates for Stfv and StGv. In Sjo¨lin [8] (see Lemmas 3 and 4) it
is proved that
(2.7) |Stfvpx1q| À
v
|t|1{2
and
(2.8) |Stfvpx1q| À
|t|
v4
for 0 ă v ă δ{4, |x1| ě δ{2, and 0 ă |t| ă 1. Actually it is assumed in [8] that t ą 0 but
the same proofs work for t ă 0.
We also have the following estimates for StGv .
Lemma 2.1. For 0 ă v ă δ{4, 0 ă |t| ă 1, and x1 P Rn´1 one has
(2.9) |StGvpx
1q| À vpn´1q{2plog 1{vqn´1|t|´pn´1q{2
and
(2.10) |StGvpx
1q| À v´pn´1q
2{2pn`1q.
Proof. Choose the integer p so that |4p´R{D| ď 4. Then one hasÿ
R{2DălăR{D
eiDlxj “
4pÿ
2p
eiDlxj `Op1q
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and ˇˇˇˇ
ˇ
4pÿ
2p
eiDlxj
ˇˇˇˇ
ˇ “
ˇˇˇˇ
ˇ
pÿ
´p
eiDpl`3pqxj
ˇˇˇˇ
ˇ “
ˇˇˇˇ
ˇ
pÿ
´p
eilDxj
ˇˇˇˇ
ˇ “ DppDxjq,
where Dp denotes the Dirichlet kernel. Setting y “ Dxj one obtains
a`1{Dż
a
|DppDxjq|dxj “
Da`1ż
Da
|Dppyq|dy
1
D
À
1
D
log p „
1
D
logR
for every a P R. It follows that
a`1ż
a
|DppDxjq|dxj À logR
for every a P R.
Letting Q denote the cube r0, 1sn´1 we obtain
||Gv ||1 “
ż
Rn´1
|Gvpx
1q|dx1 “
ÿ
mPZn´1
ż
m`Q
|Gvpx
1q|dx1 À
R´pn´1q{4
ÿ
m
1
1` |m|N
ż
m`Q
¨˝
nź
j“2
ˇˇˇˇ
ˇˇÿ
lj
eiljDxj
ˇˇˇˇ
ˇˇ‚˛dx1 À
R´pn´1q{4
ÿ
m
1
1` |m|N
nź
j“2
¨˚
˝mj`1ż
mj
ˇˇˇˇ
ˇˇÿ
lj
eiljDxj
ˇˇˇˇ
ˇˇ dxj‹˛‚À
R´pn´1q{4
ÿ
m
1
1` |m|N
plogRqn´1
and hence
||Gv||1 À R
´pn´1q{4plogRqn´1 „ vpn´1q{2plog 1{vqn´1.
We have
StGvpx
1q “
ż
Ktpx
1 ´ y1qGvpy
1qdy1
where
|Ktpy
1q| À |t|´pn´1q{2
and it follows that
|StGvpx
1q| À |t|´pn´1q{2||Gv ||1
and hence we obtain (2.9).
We also have
StGvpx
1q “
ż
Rn´1
eiξ
1¨x1eit|ξ
1|2 pGvpξ1qdξ1 “ R´pn´1q{4ÿ
l
ż
Rn´1
eiξ
1¨x1eit|ξ
1|2 pΦpξ1 ´Dlqdξ1
and we get
|StGvpx
1q| À R´pn´1q{4
ÿ
l
||pΦ||1 À R´pn´1q{4pR{Dqn´1 “ Rpn´1q2{4pn`1q “ v´pn´1q2{2pn`1q
and the proof of Lemma 2.1 is complete. 
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Multiplying (2.7) and (2.9) one obtains
(2.11) |Sthvpxq| À v
pn`1q{2plog 1{vqn´1|t|´n{2 À
v
|t|n{2
“
v
|t|γ
and combining (2.8) and (2.10) one gets
(2.12) |Sthvpxq| À
|t|
v4`pn´1q
2{2pn`1q
À
|t|
v4`n{2
“
|t|
vβ
where γ “ n{2, β “ 4` n{2, 0 ă v ă δ{4, 0 ă |t| ă 1, and |x1| ą δ{2.
We remark that it also follows from the above estimates that h P L1pRnq. In fact it is
easy to see that ||fv||1 „ v and we have proved that
||Gv ||1 À v
pn´1q{2plog 1{vqn´1 À v1{4
and hence ||hv||1 À v
5{4. It follows that
||h||1 ď
8ÿ
K
||hvk ||1 ă 8.
We shall now finish the proof of the following result.
Theorem 2.2. For x P F one has
|Stkj pxq
hpxq| ě c0 ą 0
for j large. It follows that there is no localization almost everywhere of Schro¨dinger means
for functions in HspR
nq if s ă n{2pn` 1q.
Proof. We have
|Stkj pxq
hpxq| ě |Stkj pxq
hvkj pxq| ´
ˇˇˇˇ
ˇˇ ÿ
i‰kj
Stkj pxq
hvipxq
ˇˇˇˇ
ˇˇ .
The first term on the right hand side is larger than a positive number c0 and it suffices
to prove that the second term is small. For simplicity we write k instead of kj in the
following formulas.
We have 0 ă vi ď vi´1{2 and 0 ă vi ď 2
´i and it follows that
(2.13)
8ÿ
i“k`1
vi ď 2vk`1
and one also has
(2.14)
k´1ÿ
i“K
1
v
β
i
À
1
v
β
k´1
since 1{vi´1 ď 1{2vi implies 1{v
β
i´1 ď
1
2β
1
v
β
i
.
For i ě k ` 1 the inequality (2.11) and the formula (2.3) give
|Stkpxqhvipxq| À
vi
pv2kq
γ
“
vi
v
2γ
k
and invoking (2.13) we obtain
8ÿ
i“k`1
|Stkpxqhvipxq| À
vk`1
v
2γ
k
À εk`1,
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since µ ě 2γ and vk`1 “ εk`1v
µ
k ď εk`1v
2γ
k . For K ď i ď k ´ 1 the inequality (2.12) gives
|Stkpxqhvipxq| À
|tkpxq|
v
β
i
À
v2k
v
β
i
and invoking (2.14) one obtains
(2.15)
k´1ÿ
i“K
|Stkpxqhvipxq| À v
2
k
k´1ÿ
K
1
v
β
i
À
v2k
v
β
k´1
.
Since µ ě β{2 we get vk ď εkv
β{2
k´1 and v
2
k ď ε
2
kv
β
k´1. Hence the sum in (2.15) is majorized
by Cε2k. Since εk Ñ 0 as k Ñ8 the proof of the theorem is complete.

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